Suppose /'is a bounded analytic function on the unit disc whose Fatou boundary function is approximately continuous from above at 1 with value 0. It is well known that /'tends to zero radially and therefore along every nontangential arc. Tanaka [3] and Boehme and Weiss [1] have shown that / must also tend to zero along certain arcs which are tangential from above. The purpose of this paper is to improve their results by producing a larger collection of such tangential arcs along which /'tends to zero. We construct a class of examples to show that our result is actually better.
1. Introduction and main theorem. Let/be a bounded analytic function on the unit disc D = {re'e:r<.l}. By a classical theorem of Fatou,/has radial limits for almost all 9. We denote these limits by/(c'8) and call this function the (Fatou) boundary function off. Given e>0 let Supposing that lime_>0+ <5(ö)=0, Tanaka [3] proved that fre'e) tends to zero along any curve for which 2ö(Ö(26))1/2/(l -r) remains bounded.
This was improved in [1, Theorem 3.1] , where it is shown that f(re'e) still tends to zero along any curve for which 260(20)1(1-r) tends to zero. Using Jensen's inequality and Lemma 3.2 of [1] we obtain the following theorem. We assume now without loss of generality that \f(e'e)\<l. Using Jensen's inequality we then obtain the estimates for relB e V, 0-»-0, and 0<e<l, z% log £ -tan 1/2 hm sup-)
where Pr(0) is the Poisson kernel. It is easily seen that our assumption implies that the last member of the above string of inequalities tends to -co along T. Consequently,/must tend to zero along F as claimed.
If we now return to the condition of Theorem 3.1 of [1] we see that it implies the condition of Theorem 1. To verify this, suppose 20r5(20)/(l -r) tends to zero along the upper tangential curve I\ Then, for any e>0, er^rvv.ä^-ri/(e»)M.=f^. 1 -r Jo 1 -r Jo 1 -r Therefore, for any e>0, lim sup aiS'c, 0)/(l -/-)=0 along F and the condition of Theorem 1 above is easily satisfied.
A class of examples.
If fe,e) is actually continuous from above at 1 with value 0, then for every £>0, Sc includes an interval abutting 1 from above. Thus, the condition of Theorem 1 is satisfied for any upper tangential curve at 1 as one would hope. This is not the case for the result of [1] . It does not prove, for example, that such a continuous function must tend to zero along the upper tangential curve 20(5(20)= 1 -r.
In this section we will construct a class of functions which demonstrates further the distance between Theorem 3.1 of [1] and Theorem 1 of this paper. Before proceeding to the construction of these examples we require some preliminaries.
Throughout the remainder of the paper p(0) will denote a nondecreasing convex function defined near 0+ with p(0) = p'(0) = 0, p(0) > 0 for 0 5¿ 0. Lemma 1. With p as above and c any constant
The proof of this lemma is not hard and can be found in [2] . Proof. The example is constructed in several stages. For fixed e e (0, I/e) let m(e) denote the greatest integer in (log l/e)1/2. Choose a nondecreasing sequence {a(k)} of positive numbers tending to co but so slowly that (3) 2^a(k) = (log 1/e)3/4 for all 0 < £ < 1/e. ¡t=i For example, choose {a(k)} so that the average of the first N elements is less than yj Nj2.
We construct below a doubly infinite sequence of nonoverlapping intervals In.k=[0nj-a(k)p(0nJ, 0nk + a(k)p(0nk)], n, k=l, 2, 3, ■ ■ ■ in such a way that, for each k, Finally, the assertion following (2) of the example is seen from the computations of the last paragraph of §1.
